A CLASSIFICATION AND EXAMPLES 
OF FOUR-DIMENSIONAL NONISOCLINIC 

THREE- WEBS 

Vladislav V. Goldberg 

Abstract. A classification and examples of 4-dimensional nonisoclinic 3- webs of codi- 
mension 2 are given. The examples considered prove the existence for many classes of webs 
for which the general existence theorems are not proved yet. 



Introduction 

In the 1980s while studying rank problems for webs (see the papers [G 83, 92], 
the survey paper [AG 00] and the monograph [G 88], Ch. 8), the author has 
constructed three examples of exceptional 4- webs W(4, 2, 2) of maximum 2-rank 
on a 4-dimensional manifold X 4 (see [G 85, 86, 87], [AG 00], and the books [G 
88], [AS 92], and [AG 96]). They are exceptional since they are of maximum 
rank but not algebraizable. Henaut [H 98] named these webs after the author 
and denoted them by ^(4, 2, 2), Q 2 (4, 2, 2), and <? 3 (4,2,2). 

When the author was constructing these examples of 4-webs, he considered 
numerous examples of 3-webs W(3, 2, 2) on X 4 and proved that 3 of them can 
be expanded to exceptional 4-webs Si (4, 2, 2), ^(4, 2, 2), and ^(4, 2, 2) (see [G 
85, 86, 87, 88]). 

However, it turns out that many examples of 3-webs W(3, 2, 2) that the 
author has constructed in that research are useful when one studies different 
classes of multidimensional 3-webs (isoclinic, hexagonal, transversally geodesic, 
algebraizable, Bol's webs, etc.). Some of these examples of webs W(3, 2, 2) 
were published in the author paper [G 92] and the book [G 88], and some were 
included in problem sections of the book [AS 92]. 

The author decided to present some of these examples both published and 
unpublished following some classification for them. It is worth to consider these 
examples in order to provide an up-to-date characterization of webs by indicat- 
ing to which classes a web belongs. 

For isoclinic webs this was done in [G 99]. In the current paper we present 
a classification and examples of nonisoclinic webs W(3, 2, 2). 

The examples mentioned above prove the existence of many classes of webs 
for which the general existence theorems are not proved yet. 
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1 The transversal distribution of a web W(3, 2, 2) 

1. The leaves of the foliation Aj, £ = 1,2, 3, of a web W(3, 2, 2) are determined 
by the equations of = 0, i = 1,2, where 

LJ l + LU l + LO l = (1) 

12 3 

(see, for example, [G 88], Section 8.1 or [AS 92], Section 1.3). 

The structure equations of such a web can be written in the form 

duj 1 = Lu j A uj] + ajU} j A u % , 
11 ' (2) 

duj 1 = LU 1 A <jj\ - djU) 3 A lu\ 
2 2 J J 2 2 

The differential prolongations of equations (2) are 

dwj-^Aw^ftj^Aw', (3) 

eta; - = pyo;- 7 + ^ij-w- 7 , (4) 

where 

& Lj|i|fc] = 5 [kPi]li b [jk]i = 5 \k1j]l ( 5 ) 
(see [G 88], Sections 8.1 and 8.4 or [AS 92], Section 3.2). The quantities 

a )k = a [j s k] ( 6 ) 

and bj kl are the torsion and curvature tensors of a three-web 1^(3,2,2). Note 
that for webs W(3, 2, 2) the torsion tensor a l - k always has structure (6), where 
a = {ai, 02} is a covector. If a = 0, then a web W{3, 2, 2) is isoclinicly geodesic. 
In what follows in this paper, we will assume that a ^ 0, i.e., a web W(3, 2, 2) 
is nonisoclinicly geodesic. 

2. For a web VF(3, 2,2), a transversally geodesic distribution is defined (cf. 
[AS 92], Section 3.1) by the equations 

e 2 ^ 1 - ^u; 2 = 0, Z 2 w 1 -t 1 u 2 = 0. 
1 1 2 2 

If we take f^- = — — we obtain an invariant transversal distribution A defined 

£ 2 ai 
by the equations 

aiuj 1 + a 2 u 2 = 0, aiuj 1 + a 2 oJ 2 = 0. (7) 
1122 

We will call the distribution A defined by equations (7) the transversal a- 
distribution of a web W(3, 2, 2) since it is defined by the covector a. Note that 
for isoclinicly geodesic webs W{3, 2,2), for which a\ = a 2 = 0, the transversal 
distribution is not defined. 

The following theorem gives the conditions of integrability of the distribution 
A (see the proofs of this and other results of this section in [AG 98]). 
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Theorem 1 The transversal a -distribution A defined by equations (7) is in- 
tegrate if and only if the components a\ and a 2 of the covector a and their 
Pfaffian derivatives Pij and qij satisfy the conditions 

a%p n - 2a 1 a 2 p(i2) + a\p 22 = 0, 
a%qu - 2a 1 a 2 q(i2) + a? 922 = 0. 

3. For a web W(3, 2, 2), it is always possible to take a specialized frame in 
which there is a relation between the components a\ and a 2 of the covector a. For 
example, if the transversal distribution A coincides with the distribution u> = 0, 

a 

then we have a 2 — 0. In this case, the form uj\ is expressed in terms of the basis 

forms lu'\ a = 1, 2, i.e., in this case we have ni = 0, where -k] = up t . 

a % 1 lu 1 = 

a 

In examples, that we are going to present in this paper, such situations will 
occur. So, we present here the conditions of integrability for the 4 cases that 
include the case indicated above. 

Corollary 2 If for a web W(3, 2,2) one of the following conditions 



a 2 = 0, ir\ = 0, (9) 

ai = 0, ir\ = 0, (10) 

Oi= o 2 , tt{ + tx\ - tt\ - 7r| = 0, (11) 

ai = — a 2 , n\ — tt\ + ix\ — ir 2 = (12) 
holds, then the a- distribution A coincides with the distribution lu 1 =0, w 2 = 0, 

a a 

u 1 = 0, oruj 1 —uj 2 = 0, respectively. This a -distribution is integrable if and 

a a a a 

only if the quantities and q^ satisfy respectively the following conditions: 

P22 = 122 = 0, (13) 

Pu = qn = 0, (14) 

Pn - 2p ( i2) + P22 = 0, gn - 2g ( i2) + q 22 = 0, (15) 

pu + 2p (12 ) + p 22 = 0, gn + 2o(i2) + 922 = 0. (16) 



Each of relations (8), (13), (14), (15), and (16) gives two conditions which 
Pfaffian derivatives p^ and qij of the co-vector a must satisfy in order for the 
a-distribution A of a web W(3, 2, 2) to be integrable. 

4. Now we state the theorem giving the conditions for the integral surfaces 
of the a-distribution A to be geodesicly parallel in some affine connections. 
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Theorem 3 If on a web W(3, 2, 2) the conditions 

| a 2 pi2 - aip 2 2 = 0, axP2\ - a 2 pu = 0, 

\ a 2 (?12 - ai(?22 = 0, 01021 - 02011 = 

hold, then the integral surfaces V 2 of the a- distribution A are geodesicly parallel 
in any affine connection of the bundle of affine connections defined by the forms 
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i,j = 1,2; u,v= 1,2,3,4, (18) 



where 



{see [AS 92], p. 35). 



6)=u)+a? jk {pf + qf) (19) 



It follows from (4) that conditions (17) are equivalent to the following Pfaffian 
equation: 

dt + t 2 oj 2 + t(uj\ — cj 2 ) — lo\ = 0, where t — —. 

ai 

Note that it follows from Theorems 1 and 3 that if the surfaces V 2 of the a- 
distribution A are geodesicly parallel in any affine connection of the bundle 
(18)-(19), then the a-distribution A of a web 1^(3,2,2) is integrable. 

Corollary 4 // the a-distribution A of a web W(3, 2, 2) coincides with the dis- 
tribution uj 1 = 0, or J 2 = 0, or ui 1 + ui 2 = 0, or uj 1 — J 2 = 0, then the integral 

a a a a a a 

surfaces V 2 of the a-distribution A are geodesicly parallel in any affine con- 
nection of the bundle (18) -(19) if and only if the quantities ptj and satisfy 
respectively the following conditions: 

P2 l = q 2l = 0, (20) 
Pii = qu = 0, (21) 

Pu=P2i, qu = 021, (22) 

Pu = ~P2i, qu = -02i- (23) 

Note that conditions (20)-(23) are equivalent to the following relations be- 
tween the forms uj\ (cf. the remark after Theorem 3): for these 4 possible 
specializations, 

U)\ =0, LU 2 - 0, 

uj\ + ui\ - uj 2 - uj\ = 0, uj\ - uj\ + uj 2 - uj\ = 0. 
5. Finally we state the following theorem. 
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Theorem 5 Let W(3, 2, 2) be a web with nonvanishing covector a^O and with 
integrable transversal a- distribution A (conditions (8) hold). All 2 -dimensional 
webs W(3, 2, 1) cut by the foliations of a web W(3, 2, 2) on the integral surfaces 
V 2 of A are hexagonal if and only if the equations 

~b\ n a 3 2 + 36| 112) <^Oi - 3b\ X22) a 2 a\ + b\ 22 a\ =0, i = 1, 2, (24) 

hold. 

Corollary 6 If the transversal a- distribution A of a web W(3, 2, 2) is the dis- 
tribution defined by the equations ui 1 = 0, or ui 2 = 0, or oj 1 + ui 2 = 0, or 

a a a a 

uj 1 — tJ 2 = 0, then all 2- dimensional webs W(3, 2, 1) cut by the foliations of a 

a a 

web W(3, 2, 2) on the integral surfaces V 2 of A are hexagonal if and only if 
respectively the following equations 

^222 =0, b 2 22 = 0, (25) 
b\ n =0, b 2 ni =0, (26) 



^111+3(^(112) ^(122)) + ^222 — 0, 
— b ul + 3(b 2 112 ^ — &( 12 2)) + ^222 = 0' 

&111+ 3(6^2) + 6 (122)) + & 222 = 0, 

&iii + 3(6f 112) + 6f 122) ) + 6l 22 = 



(27) 



(28) 



hold. 



2 Nonisoclinic webs W(3,2,2) 

1. For such a web, we write equations (l)-(6) and their prolongations: 



-uj 1 =uj 1 +uj\ (29) 

3 12 



duj 1 = LU j A uj\ + a n uj° A lo\ 

1 . 1 . ' 1 . 1 . (30) 
cL/ =w J A^ - ajUJ 1 A w*. 

9 9 J J 9 9 



^-^A4=^A^ (31) 
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den - aju? = PijOJ 3 + q l ju\ 



(32) 



h \j\l\k] = 5 \kPj\U b [jk]l = S [k<lj]l> ( 33 ) 

Vpij = P ijk uJ k + Pi jk u k , Vq i:j = q ijk oj k + q ijk u k , (34) 

112 2 112 2 

where 

Vpij = dpij - p kj Ui - p ik uj k , Vq i3 = dq i:j - q kj Ui - q lk u k - 



3 ■ 



\i[jk] + Pi[j a k] = 0, Q i[jk] - qi[ja k] = 0, 

Pijk ~ ^ijk + a mb"Tjk = 0) 



(35) 



where 



dp=pu\+P i u i +P i u i , dq = q4 + q i u, i + q j u i , (36) 



P[12]=P 5[12]=5, Pi=P[12]i. ?i = ?[12]i> 



P 2 + q 2 > 0, (37) 

Recall that the condition (37) means that a web W(3,2,2) is nonisoclinic. 
2. The next theorem gives analytic characterizations for different types of 
nonisoclinic webs W(3,2,2). 

Theorem 7 For nonisoclinic webs W(3, 2, 2) of different types we have the fol- 
lowing analytic characterizations: 

a) A nonisoclinic web W(3, 2, 2) is transversally geodesic if and only if 

b lm = s lM> ( 38 ) 

where b k i is a (0,2) -tensor. 

b) A nonisoclinic web W{3, 2, 2) is hexagonal if and only if 

b\ m = 0- (39) 

c) A nonisoclinic web W(3, 2, 2) is a Bol web B m if and only if 

V m) = 0. (40) 
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d) A nonisoclinic web W(3, 2, 2) is a group web if and only if 

b)ki = 0, (41) 

e) A nonisoclinic three-web W(3, 2, 2) can be uniquely extended to a nonisoclinic 

web AGW(4, 2,2) (see [G 88,92]) if and only if the following conditions 
hold: 

p^Q,q^Q, p^q, (42) 

and 

Q(QPi-PQi) -P(QPi - PQi) =PQ(P - 9)o»- (43) 

The 4th foliation of the web AGW(4, 2, 2) is defined by the equations 

pu) 1 + qj = 0. (44) 



Note that part a) of Theorem 7 implies the following two very practical tests 
for a web W(3, 2, 2) to be nontransversally geodesic. 

Corollary 8 a) The nonvanishing of any of four components &*• -^ , i ^ j, im- 
plies that a web W(3, 2, 2) is not transversally geodesic. 

b) If a web W(3, 2, 2) is not a group 3-web and bj kl — or b 2 - kl = 0, then this 
web is not transversally geodesic. 

Proof, a) It follows from (38) that for a transversally geodesic 6*- =0, i ^ j. 

b) Suppose that b^ kl = 0. Then it follows from (38) that bjk = 0, and 
relation (38) implies that bj kl =0. As a result, the web 1^(3, 2, 2) is a group 
3-web. This contradicts to the conditions in b). I 

We describe another practical test for a web W(3, 2, 2) to be transversally 
geodesic or not. In general, to check whether a given web is transversally 
geodesic or nontransversally geodesic, one may assume that the web is transver- 
sally geodesic, calculate bij applying the formula bij = jb^ ki ^ which is a con- 
sequence of (38), and substitute bij obtained into (38). If (38) will become the 
identity, the web in question is transversally geodesic, and if (38) fails, the web 
is nontransversally geodesic. 

3. Suppose that 3 foliations Ai, A2, and A3 of a web W(3, 2, 2) are given as 
the level sets — const. (£ = 1, 2, 3) of the following equations: 

Xi :u\= x i ; X 2 :ui=y i ; A 3 : u\ = /V, V k ), i,j,k = l,2. (45) 

In order to characterize a web W(3, 2, 2) given by (45), we must find the 
forms w\ a = 1,2, w), and the functions a l jk , b % jkl , a u Pij,qij,Pijk,Pijk,<lijk, 

Qijk,P,q,Pi,Pi,<li, and q t . 
2 121 2 
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The forms w l , luj and the functions a l j k and b^ kl can be found my means of 

the following formulas (see [AS 71], or [G 88], Section 8.1, or [AS 92], Section 
1.6): 



where 



and 



^ = ])dx\ ^=~f)dy\ u^-dul (46) 

1 J 2 J 3 

/: ^ /; det(/j)^0, det(/j)^0, 



duj 1 = -duj 1 = r ik cj j A iv k , (47) 

1 2 ]K \ 2 



^ = r^ fe + rj^ fc , (49) 
4 = r W ( 5 °) 




_ t | ^ x fcZ -m _|_ ~ :Zi« m _ I ^i^" 1 — n m 

jki a m Hj q m yfc q m y; ^ m yj 



+r#n m -i^ + 2i>^.J. (51) 

As to the functions a; , pu , , P ijk , Pijk , lijk ,1ijk,P,q,Pi,Pi,1i, and q t , they can 

1212 121 2 

be easily calculated from equations (30)-(36). Then we should check whether 
this web is nonisoclinic, that is, whether condition (37) holds. Following this, 
we can investigate to which of the classes indicated in Theorems 1, 3, 5, 7 the 
web in question belongs. In the case e) of Theorem 7, we can find equations (44) 
of the 4th foliation of the web W(4, 2, 2), an extension of the 3-web in question. 
Integrating these equations, we will find closed-form equations of leaves of this 
4th foliation. 

In what follows, we will always assume that 3 foliations of a web W(3, 2, 2) 
are given as follows: 

Ai : x 1 = const., x 2 — const.; 

A 2 : y 1 — const., y 2 = const.; (52) 
u l = f 1 ^ ,y k ) — const., u\ — f 2 (x J ,y k ) — const. 
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In examples of webs, that we are going to present in Section 3, we will only 
specify the functions f 1 (x : ',y k ) and f 2 (x^,y k ). 

Note that it follows from (49) that all forms are expressed in terms of 

the forms lo' 1 and w' only. This means that the forms 7r*- = w*- „■ vanish, 

a 

ttj = 0. It follows that the 2nd conditions in equations (9)-(12) are always valid 
for webs defined by equations (52), and the meaning of equations (9)-(12) is 
that the transversal distribution A coincides with the distribution w 1 = 0, ui % = 

1 2 

0, uo l + uo l = 0, — uj 1 = 0, respectively. 

12 12 

4. We will present a classification of nonisoclinic webs W(3,2,2) given by 
equations (52). 



A. Webs with the integrable transversal distribution A. 

Webs with the integrab 
0, oi, a 2 ^ ((8) holds). 



Ai. Webs with the integrable transversal distribution a\U l + a 2 uj l = 

12 



An. Webs for which the surfaces V 2 are geodesicly parallel ((17) 
holds). 

A 12 . Webs foliated into 2-dimensional hexagonal webs W(3, 2, 1) ((8) 
and (24) hold). 

A13. Webs with the integrable transversal distribution w 1 + uj 2 = 
((11) and (15) hold). 

A131. Webs for which the surfaces V 2 are geodesicly parallel 

((11) and (22) hold). 
A132. Webs foliated into 2-dimensional hexagonal webs W(3, 2, 1) 

((11), (15) and (27) hold). 
A14. Webs with the integrable transversal distribution uo 1 — uo 2 = 
((12) and (16) hold). 

Ai4i. Webs for which the surfaces V 2 are geodesicly parallel 

((12) and (23) hold). 
Ai42- Webs foliated into 2-dimcnsional hexagonal webs W(3, 2, 1) 

((12), (16), and (28) hold). 

A2. Webs with the integrable transversal distribution uj 1 = ((9) and 

(13) hold). 

A 2 i- Webs for which the surfaces V 2 are geodesicly parallel ((9) and 
(20) hold). 

A22- Webs foliated into 2-dimensional hexagonal webs 14^(3,2,1) 
((9), (13), and (25) hold). 

A 3 . Webs with the integrable transversal distribution oj 2 = ((10) and 

(14) hold). 

A31. Webs for which the surfaces V 2 are geodesicly parallel ((10) 
and (21) hold). 



9 



A32- Webs foliated into 2-dimensional hexagonal webs 14^(3,2,1) 
((10), (14), and (26) hold). 



B. Webs with nonintegrable transversal distribution A. 

C. Nontransversally geodesic webs ((38) does not hold). 

D. Transversally geodesic webs ((38) holds). 

Di. Hexagonal webs ((39) holds). 
Dh. Bol webs ((40) holds). 
D i2 . Group webs ((41) holds). 

E. Webs with different relations among and q^j. 

For webs defined by equations (52), each component of the tensors Pij and 
qij is an absolute invariant, and the vanishing any of these components 
distinguishes a class of 3- webs W(3, 2, 2). Note that since we consider only 
nonisoclinic webs W(3, 2, 2), the tensors p^ and cannot be simultane- 
ously symmetric. Note also that the conditions a 2 = 0, lo\ = imply the 
conditions p 2 i = q 2 i = (cf. (20)), and the conditions a\ — 0, u\ = 
imply the conditions pu = qu = (cf. (21)). We indicate some of classes 
of such webs. 

Ei. Webs with a\ ^ 0, 02 7^ 0, a\ ^ a 2 . 

En. Webs with pa = qu = 0. 
Em. Webs with p 21 = —912- 

E i2 . Webs with p 12 = p 2 i, qu = <722, qi2 = ~qi\- 

E i3 . Webs with p n = p 22 = 0. 

Ei3i- Webs with pi 2 = qi 2 , P21 = qi\ ■ 
E 2 . Webs with p 2i = q 2i = 0. 

E 2 i- Webs with q\ 2 = 0. 

E 2 2- Webs with pu = 0. 

E 23 . Webs with pi 2 = q\ 2 . 
E 3 . Webs with pu = qu = 0. 

E 3i . Webs with q 2j = 0. 

E 32 . Webs with p 2 i = 921- 
E 32 i. Webs with p 22 = 0. 

E33. Webs with p 2 i = — <? 2 i- 

F. Webs extendable to exceptional webs W(4, 2, 2) of maximum 2-rank ((42) 

and (43) hold). 

G. Webs nonextendable to exceptional webs W(4, 2, 2) of maximum 2-rank 

((42) or (43) docs not hold). 
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Gi. Webs with p = 0, q ± 0. 
G 2 . Webs with g = 0, p ± 0. 
G 3 . Webs with p = q ± 0. 

G 4 . Webs with p^O, q ^ 0, p ^ q and for which condition (43) does 
not hold. 

Remark 9 The classification presented above is complete in the sense that any 
web W(3, 2, 2) belongs to the class A or B, C or D, F or G, E or the class of 
webs with other or no connections among pij and q^ . 

Remark 10 It is easy to see a geometric meaning of the classes Gi — G3 for 
which conditions (42) do not hold. By (44), the 4th foliation A4 defining a non- 
isoclinic web W(4, 2, 2) coincides with the foliations Ai, A2, and A3, respectively. 
As to the class G4, the 4th foliation is well defined but not integrable. 

Remark 11 It is easy to give characterizations of webs of the classes Ei — E3: 

• Class En: for webs of this class, both components, a\ and a 2 , are covari- 

antly constant on the 2-dimensional distribution defined by the equations 

uj 1 = uj 2 = 0. 
1 2 

— Class Em: for webs of this class, in addition to be covariantly 
constant on the 2-dimensional distribution defined by the equations 
uj 1 = up- = 0, the components a\ and a 2 satisfy the exterior quadratic 

equation Vai A uj 1 — Va 2 A w 2 . On some instances (see, for exam- 
ple Example 11 below) this condition is necessary and sufficient for 
integrability of the distribution defined by the equation aito 1 = a 2 L ^ 2 ■ 

• Class E12: for webs of this class, the quantities a\ and a 2 satisfy the 
following 3 exterior quartic equations: 

V01 A uj 1 A uj 1 A uj 2 — -Va 2 A uj 2 A uj 1 A w 2 , 
122 122 

< Vai A w 1 A uj 2 A u) 2 = -Va 2 A uj 1 A uj 2 A ui 1 , 
112 112 

Vai A uj 1 A uj 2 A uj 1 = Va 2 A uj 1 A uj 2 A uj 2 . 
K 112 112 

• Class E13: for webs of this class, the component a± is covariantly constant 
on the one-dimensional distribution defined by the equation uj 2 = uf = 

0, and the component a 2 is covariantly constant on the 2-dimensional 
distribution defined by the equations uj 1 = lo 1 = 0. 
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— Class E131: for webs of this class, both the components a\ and a-i 
are covariantly constant on the 2-dimcnsional distributions defined by 
the equations uj 1 = lu 2 = lu 2 = and uj 1 — lu 1 = lu 2 = 0, respectively. 

• Class E21: for webs of this class, the component a\ is covariantly constant 
on the ome-dimensional distribution defined by the equations = lo 1 = 0. 

• Class E22: for webs of this class, the component 01 is covariantly constant 
on the 2-dimensional distribution defined by the equations lo 1 = 0. 

• Class E23: for webs of this class, the component a\ is covariantly constant 
on the one-dimensional distribution defined by the equations uo 1 = lu 1 = 

LU 2 +LU 2 = 0. 
1 2 

• Class E31: for webs of this class, the component a\ is covariantly constant 
on the entire web, and the component ai is covariantly constant on the 
2-dimensional distribution defined by the equations w' = 0. 

• Class E32: for webs of this class, the component a\ is covariantly constant 
on the entire web, and the component 02 is covariantly constant on the one- 
dimensional distribution defined by the equations u> 2 = lu 2 = lu 1 + lu 1 = 0. 

1212 

— Class E321: for webs of this class, the component a 2 is covariantly 
constant on the 2-dimensional distribution defined by the equations 

UJ 2 = LU 1 + UJ 1 = 0. 
2 1 2 

Remark 12 If a web is given by equation (52), then the webs of the classes 
Ai, A 2 , A 3 , A13, A14 as well as webs of the classes An, Ai 31 , A141, A 2 i, A31 
and the classes Ai 2 , Ai 32 , Ai 42 , A 2 2, A 32 could be equivalent one to another. 
They are different by a location of the integrable transversal distribution A. 
In fact, if there is no additional conditions on webs, then by transformations 
x l = 4> l (xi), y % — ^(yi), we can make the integrable transversal distributions 
A of any two of them to coincide. However, in our examples in Section 3, we 
always have irf = 0, and above mentioned specializations are impossible. In 
addition, in our examples, there will be additional conditions on webs, and in 
general, under the above mentioned transformation (if it would be possible), 
these additional conditions for the first transformed web do not coincide with 
the additional conditions for the 2nd web. These are the reasons that in our 
classification, we consider all above mentioned classes as different ones. 

Remark 13 The classification presented above has some overlapping classes: 
for example, the classes A131 and A141 are subclasses of the class An, the 
classes A132 and A142 are subclasses of the class A12, and the classes A21 and 
A31 are subclasses of the classes E 2 and E 3 , respectively. 
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Remark 14 In general, we must prove the existence theorem for all the classes 
listed above. Such a theorem can be proved for a web of general kind of each 
class using the well-known Cartan's test or it can be proved by finding examples 
of webs of these classes. The examples of webs in Section 3 prove the existence 
of webs of most of the classes of our classification. 



3 Examples of nonisoclinic webs W(3, 2,2) 

In subsections 1—5, we will consider examples of nonisoclinic webs W(3, 2, 2) 
of the classes F and Gi — G 4 , and for each of them, we will indicate to which 
other classes it belongs. 

1. An example of an extendable nonisoclinic web W(3,2,2) (Class 
F). We start from an example of a nonisoclinic web W(3, 2,2) that can be 
extended to a nonisoclinic web £3(4, 2, 2). 

Example 1 When the author was constructing the exceptional web £3(4, 2, 2) 
(see [G 87]; see also [G 88], Example 8.4.5, p. 431; [AG 96], Example 5.5.3, p. 
201; [AG 00], Section 1.4, p. 101; and [AS 92], Ch. 8, problem 6, p. 307), he 
started from an example of a web W(3, 2, 2) defined by the equations 



ul = x 1 +y 1 + -(x 1 ) 2 y 2 , u 



2\2 



(53) 



in a domain x 1 y 2 ^ ±1, where A = 1 + x 1 y 2 . 
Using (48)-(51) and (32)-(37), we find that 



r 1 - 
12 A(2-A) ; 



V 1 - 

1 12 ~ 



y 



A(2 - A) 



> In = I* = I*, = I* = 0, (54) 



LO 

A(2 - A) 2 

y 2 2 



A(2 - A) 2 



x 



A(2 - A) 1 



A(2 - A) 1 



(55) 



ai 



ir 



Pu 

<722 

Pi2 - 



A(2 - A) ' 

2Q/ 2 ) 2 (A-1) 

A 3 (2-A) 2 ■ 
2(a; 1 ) 2 (A-l) 

A 2 (2-A) 3 : 

qn = 0, 



«2 = 



A(2 - A) ' 
A 2 - 2A 



P21 = 



912 = 



A 3 (2 - A) 2 : 
A 2 - 2A + 2 

A 2 (2- A) 3 ' 



(56) 



(57) 



P = 



2A + 2 



2A 3 (2 - A) 2 ' 



A 2 - 2A + 2 
2A 2 (2- A) 3: 



(58) 
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Pi 

1 



Qi 
1 

P2 
1 



y 2 (-A 3 +4A 2 -8A + 6) 

A 5 (2-A) 3 
y 2 {A 3 -3A 2 + 6A-4) 



12 

i 



Pi 

2 



A 4 (2 - A) 4 
0, 



1i 

2 



P2 = 
2 



<l2 
2 



x 1 (-A 3 + 3A 2 -6A + 4) 

A 4 (2-A) 4 
a; 1 (A 3 -2A 2 + 4A-2) 

A 3 (2 - A) 5 ' 



(59) 



b\i2 = 



b 1 

"212 



&112 



h 2 - 
°212 — 



A 2 - 2A + 2 

' A 3 (2 - A) 2 ' 
2(x 1 ) 2 (A-l) 

A 2 (2-A) 3 : 
2Q/ 2 ) 2 (A-1) 

A 3 (2-A) 2 ' 
A 2 - 2A + 2 

" A 2 (2 - A) 3 ' 



bin 


= b\ 2l 


= 0, 


bin 


= b\ 2i 


= 0, 


bin 


= b\2i 


- h 2 - 

— u 122 — 


bin 


= b 2 22i 


= 0. 



(60) 



0. 



It follows from (56) and (57) that the conditions (8) do not hold. Therefore, 
the a-distribution defined by equations (7) is not integrable, and the web (53) 
belongs to the class B. 

It follows from (60) and (38) that the web (53) is not transversally geodesic 
(and consequently is neither hexagonal, nor Bol, nor group web). In fact, if 
(38) holds, then (60) gives b\ n = b\\ = but it follows from (38) that bn = 
~T2~b\ 12 7^ 0- This contradiction proves that the web (53) belongs to the class 
C. By (57), the web (53) belongs to the class En. 

It follows from (56), (58), and (59) that the conditions (42) and (43) are 
satisfied. Hence the equations (53) define a nonisoclinic 3-web W(3, 2, 2) that 
can be extended to a nonisoclinic A-web 03(4,2,2). Thus the web (53) belongs 
to the class F. 

As we proved in [AG 87] (see also [G 88], Section 8.4), the leaves of the 4th 
foliation of the web W(4, 2, 2) are defined as level sets of the following functions: 

^ = -x 1 + ? y 1 + l(x 1 )V, u \ = x 2 -y 2 -\x\y 2 )\ (61) 

It is also shown in [AG 87] (see also [G 88], Section 8.4) that the 4- web defined 
by (53) and (61) is of maximum 2-rank, and the only abelian 2-equation has the 
form 



2dx 1 A dx 2 + 2dy 1 A dy 2 - du\ A duj + du\ A du\ = 0. (62) 

Note that the 4-web constructed in this example represents the first and only 
known example of a nonisoclinic web W(4, 2, 2) of maximum 2-rank. 

2. Examples of nonextendable nonisoclinic webs W(3, 2, 2) with 
p = 0, q^O (Class Gi). 
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Example 2 Suppose that a web W(3, 2, 2) is given by 

ul = x 1 +y 1 , ul = x 1 y 1 + x 2 y 2 (63) 

in a domain x 2 ^ 0, y 2 ^ (see [G 88], Example 8.1.28, p. 392). In this case 
using (48)-(51) and (32)-(37), we find that 

r?! = |i - 1, r 2i = ^, r 2 2 = r} fe = o, (64) 

-I = (£ - l) (- 1 + - 1 ) + i- 2 ^ ^ = i" 1 . -I = 0, (65) 



ai = — ^, a 2 =0, (66) 



l 

Ptf=<fci=0, gH = - ^2(^2)2 ' gl2 = - 3.2(^2)2 ' ( 6? ) 



1.1 _ n 7,2 - J, 2 - J, 2 - yL 

jkl~ U i °H2- 9/„2«' °121 - T 2/„2\2' °211 ~ 



ar 2 ^ 2 ) 2 ' 121 " X2(y2)2' "211 3.2^2)2' 
fe2 ll- -^2-^2)2' ^22=^221=^2)2, ^2=0. 



(69) 



Equations (67) and (68) show that the web (63) belongs to the classes E 2 2 
and Gi. Since by (69), b 2 n ^ 0, it follows from (38) that the web (63) is 
not transversally geodesic (and consequently is neither hexagonal, nor Bol, nor 
group web). Thus it belongs to the class C. Equations (66), (67), (69), (9), (13), 
(20), and (25) show that this web belongs to the classes A 2i and A 22 . 

Example 3 Consider the web W(3, 2, 2) given by 

u\ = XV - x 2 y 2 , u 2 =x 1 y 2 + x 2 y 1 (70) 

in a domain where y 1 and y 2 are not simultaneously, and x 1 and x 2 are not 
simultaneously (see [G 88], Example 8.1.26, p. 391 or [G 92], p. 341). In this 
case using (48)-(51) and (32)-(37), we find that 

pi — ri — p2 — r2 — a 

1 11-1 22- l 12 _l 21 _-^_, 



pi _ _pl _ r 2 _ p2 
1 12 — 1 21 — 1 11 — 1 22 



f~ 2 (71) 

AiA 2 ' 
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col 



2a 2(3 



C12 



Pll 



% 2 ) 2 
AiAr 



AiA 2 

4(z 1 ) 2 
A1A2 



AiA 2 



2\2 



Pl2 = P21 = - 



P22 = 

Ax 1 x 2 
AiAf' 



9n 

912 



922 



"921 



A 2 A 2 ' 
A 2 A 2 



(72) 



(73) 



(74) 



P = 0, 9 



A 2 A 2 ' 



(75) 



& 1 



111 — 



h 1 

°222 



& 2 



2/3n 2 
A? A 2 ' 

A? A 2 ' 
2cra§ 



222 — 



A? A 2 ' 
2au| 

"AfAf' 



6ii2 = 



ft 1 

°122 



6?12 



/) 2 - 
o 122 — 



2zV 
AiAf' 

1 

~AxA 2 : 
2(a; 2 ) 2 
A1A 2 ' 
a 2 



A 2 A 2 ' 



&!21 = 


2y 1 y 2 
A?A 2 ' 
2(/) 2 
A 2 A 2 ' 




-0, 


°212 — 


°221 


(x 1 ) 2 - (x 2 ) 2 
A1A 2 


&?21 = 


2x 2 7 

A? A 2 ' 

2x 2 7 

A? A 2 ' 


bin 


2x 1 p 
~ A 2 A 2 ' 


h 2 - 
°212 — 


h 2 

°221 


2j/ 2 <r 
~ A 2 A 2 " 



(76) 



where 



Ai = ( ? / 1 ) 2 + ( 2 / 2 ) 2 , 

a = x x y x + x 2 y 2 , 

7 = x 2 [(y') 2 -(y 2 ) 2 ] + 2xW 1 

a = y^ix 1 ) 2 - (x 2 ) 2 } + 2x 1 x 2 y 2 . 



A 2 = (x') 2 + (x 2 ) 2 , 

(3 = x 1 y 2 - x 2 y 1 , 

p = x^) 2 -(y 2 ) 2 ] + 2xW 1 



It follows from (73) and (74) that 



a 2 q n - 2a 1 a 2 q(i2) + ajq 2 2 



A?A| 



7^0, 



i.e, the conditions (8) do not hold. Therefore, the a-distribution defined by 
equations (7) is not integrable, and the web (70) belongs to the class B. 
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Since by (76), 6222 7^ 0; the web (70) is not transversally geodesic, (and 
consequently is neither hexagonal, nor Bol, nor group web). So this web belongs 
to the class C. By (74) and (75), the web (70) belongs to the classes Ei 2 and 
Gi. 

3. Example of a nonextendable nonisoclinic web VF(3,2,2) with 
p ?L 0, q — (Class G 2 ). 

Example 4 A web W(3, 2, 2) is given by the equations 

uk = x 1 +y\ U § = ( ! r 1 )V + (* 2 )V (77) 
in a domain of R 4 where x 1 , x 2 , y 1 ^ 0. 



In this case using (48)-(51) and (32)-(37), we find that 

W + ^V V 2 - J_ 

(x 1 ) 2 + xV' 2 (^) 2 ' ' 21 2xV 



F l _ r 2 _ n F 2 _ \y I , x !J r 2 _ 1 r 2 _ 1 / 7 o\ 

1 jfc - 1 22 - U > 1 11 - 7-TT2 + T2TT' i 12- 7TT\2' i 21- o„2„.1 ' 



= 0, UJ. 



1 ,,1 1 ,,1 



2 (X 1 ) 2 ! 2x 2 y 1 2 



2 (\X ) X V \( 1 1\ 1 

Wl = Vrxij 2 + J + ) - f ( X l)2 2 



T \2^ ' 



x L y 2 1 



PU (x 1 ) 3 + 2(x 2 ) 3 (</ 1 ) 2 ' Pl2 4(x 2 ) 3 (y!) 2: 
911 = _ 2x 2 (y 1 ) 2 ' P2i = q2i = qi2 = °' 



h 1 — h 2 — h 2 — h 2 — () h 2 

— "999 — "l99 — «919 — O, U. 



"jfcZ - "222 - "122 - "212 - "221 ~ n/^W,,!^ 



2 2(y 2 ) 2 (y 2 -x 1 ) ^(x 1 + ? y 2 ) x 1 y 2 (x 1 y 2 + (x 2 ) 2 ) 

111 (x 1 ) 4 x*xV (x 2 ) 3 (y!) 2 
(2X 1 - l)(4(xV - (x 1 ) 2 ) 

112 4(x 1 ) 4 x 2 y 1 

2 2(x 1 ) 2 (x 1 2 / 2 -x 2 y 1 ) + (x 2 )V 

"121 — 



(79) 



ai = -W + ^T> « 2 = 0^ (80) 



(81) 



(83) 



4(x 1 ) 2 (x 2 ) 3 (y 1 ) 2 

It follows from (80)-(83) that equations (9), (13), (20), and (25) hold. Thus 
the web (77) belongs to the classes A 2 i and A 22 . 

Since by (83), 6222 7^ 0, the web (77) is not transversally geodesic (and 
consequently is neither hexagonal, nor Bol, nor group web). So this web belongs 
to the class C. By (81) and (82), the web (77) belongs to the classes E 2i and 
G 2 . 
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4. Examples of nonextendable nonisoclinic webs W^(3, 2, 2) with 
p = q ^ (Class G 3 ). 

Example 5 A web W(3, 2, 2) is given by the equations 

u\ = x 2 e xl y\ ul = x 2 + y 2 (84) 

in a domain of R 4 where x 1 ,x 2 ,-y 1 ^ (see [G 88], Example 8.1.27, p. 391 or 
[G 92], p. 341 or [AS 92], Ch. 3, Problem 5, p. 133)). 
In this case using (48)-(51) and (32)-(37), we find that 

r 2 -r 1 -o r 1 - (i + *VK* v r i _ 1 , , 



!_ (l + zV)e-*V / , , , 



w, = - 



(c^+^W-J^a; 2 , w i = ^_o;i ; (86) 

a; 1 ^ 2 !/ 1 Vi 2 / x 1 x 2 y 1 i x 1 x 2 y 1 2 



ai =0, a 2 = 



(87) 



Pli - <fc = 0, p 22 = -^2^2, P21 = 921 



(a; 1 ^ 2 ?/ 1 ) 2 ' 



(88) 



p = q 



2{x 1 x 2 y 1 ) 2 ' 



(89) 



k 211 " (SVf' 26212 _ 6221 _ (zW) 2 ' 

It follows from (87)-(90) that equations (10), (14), (21), and (26) hold. Thus 
the web (84) belongs to the classes A 31 and A 32 . 

Suppose that the web (84) is transversally geodesic. Then (38) implies that 
bki = \b l , ikl y In particular, by (90), we must have 612 = \b\n- Substituting 
this value of &i 2 into (38), we find that b} 112 , — \b\n- But it follows from (90) 
that &( 112 ) — &2H- Since 6211 7^ ( see (90)), the web (84) is not transversally 
geodesic (and consequently is neither hexagonal, nor Bol, nor group web). So 
this web belongs to the class C. By (88) and (89), the web (84) belongs to the 
classes E31 and G3. 
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Example 6 Suppose that a web W(3, 2, 2) is given by the equations 



ul = x 1 +y 1 , u\ 



-x 1 y 1 + x 2 y 2 



(91) 



in a domain x 2 ^ 0, y 2 ^ (sec [G 88], Example 8.1.28, p. 392, [AS 92], Ch. 3, 
Problem 4, p. 133, [G 92], p. 341). In this case using (48)-(51) and (32)-(37), 
wc find that 



r} fe = o, rf 1 = i-^4, r 2 



y 



x 2 y 2> A 12 



r 2 

2„2' X 21 



'^2' ^22 



x 2 y 2 ' 



(92) 



x 1 y 1 

2 2 

x z y z 



U) +uj — — U) 

1 2 / X 2 ?/ 2 1 



x 2 y 2 2 



! y 2 V l 2 / x 2 y 2 i a; 2 y 2 2 



x 2 y* 



(93) 



ai = — 5-^—7 a2 = 0, 



(94) 



P2i = <72« = 0, P12 = qi2 

x 2 y l _ x l y 2 + (j/ l)2 



Pu 



y 1 — x 1 



(x 2 y 2 ) 2 



! x 2 2)2' 

(x 2 y 2 ) 2 



(95) 



P = <7 



y 1 — x 1 
2(x 2 y 2 ) 2 



(96) 



r ^ 

&111 



6 2 



ft 2 - h 2 

u 222 — u 21i 



121 — 



(x 1 - y 1 )(x 2 y 2 - x 1 y 1 ) , , 

(x 2 y 2 ) 2 

-(a; 1 ) 2 +xV - x 2 y 2 2 

' & 1 



(y 1 ) 2 - xV + x 2 y 2 



112 



(x 2 y 2 ) 2 



(x 2 y 2 ) 2 



2&221 — 



y 1 — x 1 
(x 2 y 2 ) 2 ' 



(97) 



It follows from (94)-(97) that equations (9), (13), (20), and (25) hold. Thus 
the web (91) belongs to the classes A21 and A22- 

Since by (97), & 2 n ^ 0, the web (91) is not transvcrsally geodesic. So this 
web belongs to the class C. By (95) and (96), the web (91) belongs to the classes 
E23 and G 3 . 

Example 7 Suppose that a web W(3, 2, 2) is given by the equations 



1 11,2/ 2\2 2 2,2 

«3 = x V + x (V ) > u 2 = x 2 + y 2 



(98) 
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in a domain x 1 ^ 0, y 1 ^ 0. In this case using (48)-(51) and (32)-(37), we find 
that 



p2 _ n r l ^_ pi _ /X g 

_ (y 2 ) 2 _ 2 ?/ 2 (x 2 fa 2 ) 2 +x 1 l/ 1 ) 

21 ~ 22 " *V 



(99) 



-i 1 



W i A (V 2 ) 2 
x 1 y 1 V i 2 / x 1 y 1 i 



a; 1 ?; 1 V l 2 / a; 1 ?/ 1 l rr 1 ?/ 1 2 



2xV 



a; 1 ?/ 1 2 
(/) 2 



w 2 , w? 



(100) 



oi =0, a 2 = 



j/ 2 (-2x 2 +y 2 ) 



x 1 y 1 



fa 2 ) 2 [(y 2 ) 2 -2xV-2xV] 

Pli=«li=0, P22- (^V? ' 

_(2x 2 -y 2 )y 2 2x 2 (y 2 ) 2 (y 2 -'2a; 2 ) 
P 21 - « 21 - — 7ZTZTV2 — ' « 22 ~ (^V? ' 



(xV) 



(101) 



(102) 



1 

P21 ' 



(103) 



^222 



2^[(y 2 ) 2 (2x 2 -y 2 )+ a ; 1 y 1 ] 
(xV) 2 

fcl 2x 2 ( ?/ 2 ) 2 ( 2/ 2 - 2x 2 ) ( y y(y*-2x 2 )-2xW 



b%i — b\ ki — bin — 0> 



(*V) 2 



(xV) 2 



(104) 



It follows from (101)-(104) that equations (10), (14), (21), and (26) hold. 
Thus the web (98) belongs to the classes A31 and A32. 

The web (98) is not transversally geodesic since 6322 7^ (see (104)). Thus 
the web (98) belongs to the class C. By (102) and (103), the web (98) belongs 
to the classes E 32 and G 3 . 



Example 8 Polynomial 3-webs. We will call a web W(3, 2,2) polynomial if it 
is defined by the equations 

ui = x i +y i + e jkX jy\ (105) 

where c l - k = const, and 

Ai = (1 + c^)(l + cV ) - clcyw * 0, 
A 2 = (1 + cJxz'Xl + cj 2 x>) - c&c^aiV + 
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(see [G 88], Example 8.4.4, p. 430). 

For a polynomial web, using (48), (50) and (6), we obtain 



a 2 



AiA 2 



AiA 2 



c 21 c 12 + ( c ll c 22 c 12 c 2l)(y 1 — xl ) 

+ ( c 12 c ll — c ll c 12) a;1 + ( c 22 c ll — c 21 c 12) a;2 
+ ( c ll c 21 ~ ^lCll)^ 1 + ( c 12 c 21 ~ c 22 c ll)y 2 

c 12 ~ c 21 + ( c ll c 22 ~ c 12 c 2l)(y 2 — a;2 ) 

+ ( c 22 c ll — c 21 c 12) a ' 1 "I" ( c 22 c 21 — c \l < ^22) x ' 1 
+ ( C 12 C 21 — C^Cll)!/ 1 + ( c 12 c 22 — c 22 c 12)j/ 2 



(106) 



Differentiating equations (106) and applying (4), we can calculate the values 
of ft, and . Their expressions obtained by a lengthy calculations are rather 
long. However, it appeared that 



1 



Pl2 -P21 = 512 - 921 

i.e., we have 

p = q = 



A\A 2 



( c ll + C 2l)( C 12 c 2l) ( c 22 + c 12)( c 21 — C 12) 



1 



ll+ C 2l)( C 12 C 2l) ( c 22 + C 12)( C 21 C 



2A?A2 

Equation (107) shows that the same condition 

(C22 + C} 2 )(C 2 2 - <%l) + (Cu + 4)^2 - Clj ± 



(107) 



(108) 



is sufficient for both, p / and q ^ 0. Therefore, a polynomial web (105) 
satisfying condition (108) is nonisoclinic. 

As a result, the polynomial 3- webs (105) cannot be extended to a nonisoclinic 
W(A, 2, 2), and hence it belongs to the class G3. 

Note that condition (108) will not be satisfied for example if one of the 
following conditions holds: 



• C12 



r 2 

c 22 



r 2 
c 22 



r 1 
c 21i 



-r 1 
c 12 



r 2 
c 21- 



-r 2 



-r 2 
c 21- 



,1 _ 



* ^11 — " ^19 — ^' 



2 _ 



12 



u 21- 



In these cases further investigation is necessary to determine whether a web 
in question is isoclinic or nonisoclinic, and if it is nonisoclinic, to which of the 
classes Gi — G 4 it belongs. 
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Example 9 Take a particular case of the web (105) by taking cj fe = 0: 

u\ = x 1 + y 1 , u\ = x 2 + y 2 + c 2 k x j y k , c 2 k = const. (109) 

where 

Ax = 1 + c^y 1 + c 2 2 y 2 ^ 0, A 2 = 2 + c\ 2 x x + c 2 22 x 2 + 0. 
In this case using (48)-(51) and (32)-(37), we find that 

2 12 12 

pi _ n p2 C 22 F 2 _ a V ~ C 12 F 2 _ aX ~ C 21 

i jfe -u, L 22~ AA , Ii2- AiAo ' 121 ~ AiA 2 ' mm 
A 1 (^ 2 + c 2 1 ) + (c 2 1 y 1 + cy)(aa : 1 - C i 1 ) ^ 
11 ~ A^ ' 

ai = --r^r - ' fl2 = 0, (111) 



P2i = <?2i = 0, pn 



-aA 2 A 2 + f3(c 2 12 -ay 1 ) 



A 3 A 2 ' 
c| 2 /3 o^A 2 + /3(c 2 ' - m 1 ) (U2) 

Pl2 - <Zl2 - AfAf' 911 AfAl ' 



where 



_ 2 2_2 2 o _ / 1 _ 1\ , 2 2 

Ct — c n c 22 C 12 C 21' " — C H* Z ' V 1 ' c 12 C 21' 

In this case the condition (108) becomes 

4 ^ o. 

Thus for this web p^0 and q ^ if c 22 ^ 0. Conditions (112) and (113) prove 
that the web (109) belongs to the classes E 2 3 and G 3 . Note that the condition 
c 22 = is necessary and sufficient for the web (109) to be isoclinic. 

By (111), (112) and (9) and (20), the web (109) belongs to the class A 2 i- 
It is interesting to find out for which values of c 2 fc the web (109) belongs to the 
classes C or D and to the class A 22 - 



Example 10 Take another particular case of the web (105) by taking c^y = 

c 21 = c 22 = c ll = c 12 = c 22 = ano - c 12 = c 21 = 1- 

u\ = x 1 +y 1 +x 1 y 2 , ul = x 2 + y 2 + x 2 y 1 (114) 

in a domain 

Ai = (1 + y 1 )^ + y 2 ) ^ 0, A 2 = 1 - x l x 2 ± 0. 
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i.e., y i ^ -1, x 1 x 2 ^ 1. In this case using (48)-(51) and (32)-(37), we find 
that 



Hi 



r 2 

1 22 



12 AiA 2 . 

X 1 21 — 



r 2 — r 1 

1 li — 1 2i 



0, 



(i + y 1 )A 2 ' 



(115) 



a 2 x 2 (uj 1 + lo 1 ) - a 2 w 2 



W2 = aix 1 ^ 2 + u 2 ) — oi^ 1 , W2 



-02W 1 , 



(116) 



1 



01 



(l + yi)A ; 



02 



AiA 2 ' 



(117) 



P12 


= qi2 


P21 


= 921 


Pll 


= P22 



-a 1 (a 2 x 2 + ai), 
-a 2 (aix 1 + a 2 ), 



(118) 



p = q = 



(119) 



ft* — ft 1 — ft 1 — ft 2 — ft 2 — n 

333 ~ 12» — U 2il — u il2 — u 2il — u ' 

. X 2 j X 1 + J/ 1 + X 1 ?/ 2 

6ll2 = ~2(l + y 2 ) 2 A 2 ' 6212 " (l + y 2 )A 1 A 2 ' (120) 

2 x 2 + ?; 2 + 2: V + 1 2 _ a: 1 + y 1 + + 1 

6121 - (l + ^AiA 2 ' 6122 - (1 + y^A 2 



By (118) and (119), the web (114) belongs to the classes E131 and G3- Using 
(117) and (118), it is easy to check that condition (8) does not hold. Thus the 
web (114) belongs to the class B. 

Suppose that the web (114) is transversally geodesic. Then it follows from 
(38) and (120) that fo 22 = f& l (i22 ) = I ft 2i2- As a result, by (38) and (120), we 
have fr( 122 ) = 3&22 = ^^212- O n the other hand, &/ 122 ) = 3^212- Since by (120), 
^212 7^ 0' we came to a contradiction. This contradiction proves that the web 
(114) is not transversally geodesic, i.e., this web belongs to the class C. 



Example 11 Consider the web defined by the equations 

u\ = x'+y' + \{x'fy 2 , ul = x 2 + y 2 + l -x\y 2 ) 2 (121) 
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in a domain of R 4 where A = 1 + x 1 y 2 =^ 0, i.e., x 1 y 2 ^ — 1. 
In this case using (48)-(51) and (32)-(37), we find that 



r! 



12 



x F 2 

A 2 "' 12 



A 2 ' 



pi _ pi _ p2 _ p2 — n 
1 il — 1 22 — 1 il — 1 22 — u ; 



(122) 



A^ 2 ' 



^2 



"a^ ' 



y 2 2 2 

A 2 2* ' 



A 2 i ' 



(123) 



(124) 



Vi2 = 0, 



Pll 



A 4 



1„,2 



P21 = -?12 



1 — a; y 



qn = 0, 



922 



2{x 1 f 
A 4 



(125) 



p = q 



x L y z - 1 
2A 4 ' 



(126) 



bi 2l 



b\ 12 = b\ 



12 



-b 2 

u 212 



1 2 

x y 



A 4 



^212 



1\2 



2Q* 1 ) 
A 3 



(127) 



By (125) and (126), the web (121) belongs to the classes G3 and Em. Recall 
that for webs of the class Em, both components a\ and 0,2 are covariantly 
constant on the 2-dimensional distribution defined by the equations w 1 = ui 2 = 

0, and they satisfy the exterior quadratic equation Vai Aw 1 = \7a 2 /\oj 2 which is 

equivalent to the condition p 2 i = —qi2- We establish now a geometric meaning 
of the latter condition for the web (121). 

Consider the 3-dimcnsional distribution defined by the equation aiuo 1 — 

aius 2 = 0. Taking exterior derivative of this equation and applying (123) and 

(124), we find that 



Vai Aw 1 - Va 2 A u 2 
1 2 



0. 



It follows that for the web (121), the condition P21 = —qi2 is necessary and 
sufficient for the distribution aiuo 1 — a 2 u 2 = to be integrable. 

Note also that by (123) and (124), we have 



diu) 1 +L0 1 ) = 0, d(LU 2 +LU 2 ) = 0. 
1 2 1 2 
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This means that for the web (121), the 3- dimensional distributions defined by 
the equations to 1 + u) 1 = and lu 2 + u> 2 = are inteqrable. 

12 12 

Using (124) and (125), it is easy to check that the left-hand side of condition 

(8) is 1 A s + °' Lc '' condition ( 8 ) does not hold. Thus 

the web (121) belongs to the class B. 

Suppose that the web (121) is transversally geodesic. Then it follows from 
(38) and (127) that b 12 = \b\ i22) = 0. As a result, by (38) and (127), we have 
^(112) = l^ 12 = 0- On the other hand 6( 112 ) = \b\ 12 . Since by (127), b\ 12 ^ 0, 
we come to a contradiction. This contradiction proves that the web (121) is not 
transversally geodesic, i.e., this web belongs to the class C. 



Example 12 Consider the web defined by the equations 



(x'-y^ + y 2 ) 



in a domain of R 4 where A = x 1 y 2 + x 2 y 1 ^ 0. 

In this case using (48)-(51) and (32)-(37), we find that 



(128) 



r 1 - -r 2 
1 ii — 1 ii 



"3 r l 
2A 2 . 22 



2A 2 ' 



pi _ pi _ p2 _ p2 _ r 
1 12 — 1 21 — 1 12 — 1 21 — 2A 2 ' 



(129) 



a l=« 2 = -^2' 

(3(x 1 -y 1 )-a(x 2 +y 2 ) 
2A 4 

-/3(x x + y 1 ) + a(x 2 - y 2 ) 

2A 4 ' 
7(z 1 - y 1 ) + 5(x 2 +y 2 ) 

2A 4 

jjx 1 + y 1 ) + S(x 2 - y 2 ) 
2A 4 

per 



Pll = P21 = 
Pl2 = P22 = 
qu = <?21 = 
Ql2 = 922 



p = q = 



(130) 



(131) 



(132) 



A 4: 



(133) 



,2 , i _ ~HP_ h i _ _ h 2 _ _ h i _ 'HP 

".'I 1 - r 1 i I <■>■•>;■•>— U 222 — U 122 — 4 , 

a 2 - 2[(x 1 x 2 ) 2 + (y^ 2 ) 2 } 



ill — _u ill — "222 — "222 

h 1 - -h 1 — -b 2 — h 2 
u il2 — u i21 — u il2 — °i21 — 



A 4 



(134) 
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where 



a = (.x 1 ) 2 ?/ 2 - x 1 x 2 y 1 - 2(y 1 ) 2 y 2 1 /3 = {x 2 ) 2 y 1 - x 1 x 2 y 2 - 2y 1 (y 2 ) 2 1 
7 = x^y 2 ) 2 - x 2 y 1 y 2 - 2x 1 (x 2 ) 2 1 6 = x 2 (y 1 ) 2 - x 1 y 1 y 2 - 2{x 1 ) 2 x 2 , 



p = x 1 x 2 + y 1 y 2 , 



19 9 1 

a = x 1 y z — x y . 



By (133), the web (128) belongs to the class G 3 . Equations (131) and (132) 
show that conditions (11) and (22) hold. Thus, the web (128) belongs to the 
class A131. It is easy to check that the curvature tensor of this web defined by 
equations (134) satisfies both equations (27). As a result, the web (128) belongs 
to the class A132. 

It follows from (134) that 6222 7^ 0, and by Corollary 8a), this proves that 
the web (121) is not transversally geodesic, i.e., this web belongs to the class C. 

Example 13 Consider the web defined by the equations 



u\ = x 2 y 2 e x 



Z Z 1 Z 

u\ = x £ + if 



(135) 



in a domain of R 4 where x l ^ 0, y l ^ 0. In this case using (48)-(51) and 
(32)-(37), we find that 



r 1 
1 12 



r 1 

A 91 



1 



r 1 
1 99 



1 1 9 1 l 21 — 1 9 1 1 l 22 ■ 

x L y L y z x L x z y L 

(i + a; y) e -*v 

1 11 — 1212 ' jk ~ u ' 

x x y y J 



x 1 y 1 



(136) 



,1 - 



x 1 x 2 y 1 y 2 



x 1 x 2 y 1 y 2 



-(1 + x 1 y 1 )e~ x y (lj 1 + to 1 ) + y 2 tJ 2 + x 2 u? 
\ 1 \ 1 2 ' 1 2 

xY + 2 /Y-.x 2 yV V (' t ' 2 + ^)], w? = 0, 



(137) 



2 2 
a; — 7/ 

ffli = 0, a 2 = , 



(138) 



Pii = 9ii = 0, 



P21 = 921 



(y 2 - x 2 )e- x y 



(x 1 x 2 y 1 y 2 ) 2 ' 
x 2 -y 2 + x 1 y 1 y 2 x 2 - y 2 - x 1 x 2 y 1 

P22 = — , , 9 i \ 9 ' 9 — , <722 = 



(x 1 x 2 y 1 ) 2 y 2 



(x 1 y 1 y 2 ) 2 x 2 



(139) 



p = q 



(x 2 - y 2 )e- x y 



2{x 1 x 2 y l y 2 ^ 2 



(140) 
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b]u 



b\ 2i = 0, 



u 222 



(a; 2 -y 2 )(2-a; 1 y 1 )e- a; » 



(x 1 x 2 y 1 y 2 ) 2 



2(y 2 - x 2 ) + x 1 x 2 y 1 

" 2]2 = (^yjv ' 



h 1 - 

"9 1 9 — 



(141) 



(^-^-xVje 1 « 
(x 1 y 1 ) 2 x 2 y 2 



2(y 2 - x 2 ) + x 1 y 1 y 2 
(x 1 x 2 y 1 ) 2 y 2 



h 1 

"221 



By (139) and (140), the web (135) belongs to the classes E32 and G3. Equa- 
tions (138), (139), and (141) show that conditions (10), (21), and (26) hold. 
Thus, the web (135) belongs to the classes A31 and A 32 . 

It follows from (141) that 6222 7^ 0j an d as a result, according to Corollary 
8a), the web (135) is not transversally geodesic, i.e., this web belongs to the 
class C. 



Example 14 Consider the web defined by the equations 



<4 = yW 



z _ 1 ' 

U3 = x +y 



(142) 



in a domain of R 4 where x 1 ^ 0, y l ^ (sec [AS 92], Ch. 3, Problem 5, p. 
133). In this case using (48)-(51) and (32)-(37), we find that 



r 1 
1 11 



(1 + xY)e- 
x 1 y 1 y 2 



- r 1 --L- 

1 12 — 119' 

x L y L y z 



r 2i = o, r 2 fe = o 



(143) 



x L y L y z 



W 2 = 7 1 9 ^' 

x y y 1 



-(l + sVje-V^i+^i)-^- 
1 



1 ' : -o, 



(144) 



ai = 0, a 2 = ^—j— 5 

x y y 



(145) 



Pii=9ii = 0, P21 = 921 = 7 i 1 2 s 2 , 

< [x y y ) 

P22 = 0, g22 = -___, 

2(xVy 2 ) 2 ' 



' &?« = &iu - b\ 2l = b\ 2l = 0, 



°jkl — u lli — u l2i — u 22i — u ; 

_ e-*V(3 + 2xy) , a: 1 ?/ 1 - 1 

°211 — /-ll 2\2 ' 212 — / 1 1 2 \9 



(146) 



(147) 



(148) 
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By (146) and (147), the web (142) belongs to the classes E 32 i and G 3 . 
Equations (145), (146), and (148) show that conditions (10), (21), and (26) 
hold. Thus, the web (142) belongs to the classes A 3 i and A 32 . 

It follows from (148) that b 2 k[ = 0, and as a result, according to Corollary 
8b), the web (142) is not transversally geodesic, i.e., this web belongs to the 
class C. 

Note that in [AS 92], Ch. 3, Problem 5, p. 133, it is wrongly indicated that 
the web (142) is transversally geodesic. 



Example 15 Consider the web defined by the equations 



„2„,2 



+ x y , u 3 — x +y 



(149) 



in a domain of R 4 where x 1 , y 2 ^ (see [AS 92], Ch. 3, Problem 8, p. 133). 
In this case using (48)-(51) and (32)-(37), we find that 



T\ 1 = -Ae-* 1 v\ T\ 2 =Ax 2 e- xl y\ T\ 1= Ay 
r 22 = -ArVe-* V -l, T% = 0, 



(150) 



w \ = Ae~* y [-(w 1 + y y + x 2 f], uj 2 = 0, 

u\ = Ae-^y 1 [{x 2 y 2 + A~ 1 e xlyl )[-(uJ 2 + lo 2 ) + x 2 ^ 1 + V 2 lo\ 



(151) 



ai =0, a 2 = A(x 2 - y 2 )e~ x y , 



(152) 



Pli = qii = 0, P22 = -y 2 V2\ + Ae x y , q 2 2 = -x 2 p2i, 



P2 



i=q 2 i = (y 2 - x 2 )Be~ 2 ^ 



(153) 



p = q = 



{x 2 - y 2 )Be~ 



(154) 



f 6?« = bin = 6i2i = 0, 



3 

b lii = (x 2 - y 2 )(B + A 2 )e- 2 ' 
b\ 12 = Ae-*^ 1 



V 



B(x 2 ) 2 e- 2x y , 
b\ 21 = -Ae-^y 1 - (x 2 - y 2 )y 2 {B + A 2 )e~ 2xl y\ 



. %22 = ^ ~ W) {Ae- X y + x 2 y 2 Be 



(155) 



where 



x L y L 



B = A 
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By (153) and (154), the web (149) belongs to the classes E32 and G3. 
Equations (152), (153), and (155) show that conditions (10), (21), and (26) 
hold. Thus, the web (142) belongs to the classes A31 and A 32 . 

It follows from (155) that 6222 7^ 0, and as a result according to Corollary 
8a), the web (142) is not transversally geodesic, i.e., this web belongs to the 
class C. 

5. Examples of nonextendable nonisoclinic webs Vl^(3, 2,2) with 
p ^ 0, q 9^ 0, p zfi q 1 and condition (43) not held (Class G 4 ). 

Example 16 A web W(3, 2, r) is given by 



u ^i(x 1 + y 1 ) 3 + i[(. 1 ) 2 + ( 2/ 1 ) 2 + 2xV 



2 2,2 

u 3 = x +y 



(156) 



in a domain where 



Ai = \ (V + y 1 ) 2 + x 1 + 0, A 2 = 1 (x 1 + y 1 )\ y 1 + 

(see [G 88], Ch. 8, Example 8.1.29, p. 392 and [G 92]). 
In this case using (48)-(51) and (32)-(37), we find that 



r 1 - 
1 n — 


a 


r 1 - 
1 12 — 


2 

ax 


AiA 2 ' 


A 


iA 2 ' 


1 21 — 


ay 2 


1 22 — 




'ax y 


AiA 2 ' 




- AiA 



0. 



(157) 



AiA 2 

a 

AiA 2 



-(lu 1 +LJ 1 ) + y 2 uo 2 +x 2 lo 2 

1 2 1 2 



AlA 2 



< - 0, 

2, ,1 1 „,2, ,1 



x 2 2 + ^2 \ (w 2 ^2) + ^1 + ^ 

a / 1 2 1 2 



(158) 



«i = 0, a 2 = — 



a/3 
AiA 2 



(159) 



PH = 0, P21 = ™, P22 = -yP21-^, 

?ii = 0, ?2i = A 2 a 3 » 922 = -a; 921 + 



AfAi' 
'2AfA|' 



AiA 2 



2A 2 A3 ' 



(160) 



(161) 
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Ill 



x y / 3 4 3o 2 ii\ 
= a q a c. — —ce ——a —a + x y , 
A 3 A 3 V 4 2 / 



&I12 



61 



122 



°212 



ft 1 

°222 



(x 1 -y 1 ^ 2 /3 4 1 



r a 3 - a 2 - x V 



°121 — "211 



A 3 A 3 V4~~ 2~ 

' r (y 2 A 2 -2; 2 A 1 )(A 1 A 2 - a 2 (A 1 + A 2 )) 



A 3 A 3 



+a(x 2 A 2 - y 2 A 



a(a + l)x 2 y 2 rl 4 1 , , , , , 

-a 4 + -a 3 + a(a + l)(a; 1 - y 1 ) + x 1 y 1 



A\Al 



1 



A 3 A 3 



1 



a 2 (a + l)(A 2 y'(i - Ai{x ) ) + y z (3A 2 2 (2a - -A x 



+ (x 2 ) 2 A 2 (l-a) 



&22i = ^p||y 2 (^ 2 Ai-2/ 2 A 2 ) 



4X 1 ?/ 1 



(x 2 A! - y 2 A 2 )a 



a 2 (3a + 2) 



+4x 2 (y 2 A 2 - x 2 A\) - AA\A 



A 3 A 3 



-fiA 2 A 2 + x 2 y 2 (a + l)(AxA 2 - a 2 (x 2 Ax + y 2 A 2 )) 



-x 2 y 2 (x 2 A 2 +y 2 Al) 



> *fe = o. 



(162) 



where 



a = x 1 



y 



(3 = x 2 - y 2 , 



A=^a 4 + a 3 + (y 1 ) 2 , B = + a 3 + (x 1 ) 2 . 

By (160), the web (156) belongs to the class E 3 . Equations (159), (160), 
and (162) show that conditions (10) and (21) hold but condition (26) does not 
hold. Thus, the web (156) belongs to the class A 3 i and does not belong to the 
class A32. 

It follows from (162) that b\ 22 7^ 0, and as a result, according to Corollary 
8a), the web (156) is not transversally geodesic, i.e., this web belongs to the 
class C. 

We now prove that the web (156) cannot be expanded to a web W(4, 2, 2) of 
maximum 2-rank. Thus we have to prove that the relations (43) do not hold for 
the web (149). 

It follows from (36) and (151) that 

dp = puj\ + py + P,lo\ dq = quj\ + q.LO 1 + q.uj\ 
1*1 2 * 2 1 1*1 22 



where u\ is defined by (158). On the other hand, we can find dp and dq by 
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2 ' 



differentiating their expressions (161). Comparing the results, we find that 

3a 2 (a + l)f3 3A(a + l)0 Aa[3 2 A 

I 1 ~ 2A\A\ + 2AfA| + 2AfA|' i 2 ~ ~ V f 1 ~ 2AfAf ' 

[3a 2 (a + l) + 2y 1 }p Aa0 A(a + l)/3 _ _ 2 A 
2 1_ 2A?A3 AfAl + AfAj ' 2 2 + 2Af A 2 

[3a 2 (a + l) + 2x 1 ]/3 B(a + 2 B 

1 1 2A?A3 A?A4 + AfA3 ' 1 2 y 1 1 2A 2 A| i ' 

3a 2 (a + l)/3 3B(a + l)/3 2 B 

f 1 ~ 2A?A| + 2A 2 A5 + 2AfAf ' f 2 ~ ~ X f 1 + 2AfA|' 

(163) 

Let us assume that equation (43) holds for i = 1. Since by (159), ai = 0, 
this means that 

QiQPi - P?i) - P(9Pi - P|i) = 0. (164) 
By (163) and (164), the left-hand side LHS of equation (43) taken for i = 2 is 

LHS = q(qp 2 - pq 2 ) - p(qp 2 - pq 2 ) = I3p{qp x - pq x ). 

XX 2 2 2 2 

Applying (163), from the last equation we find that 



4Af Al \ 



1 



(a + 1)^ 1 ' - 



ay + -a 



(165) 



+A!A 2 



3a 3 (a + l)(a; 1 - y 1 ) + 2By 1 



On the other hand, by (159) and (161), for i = 2 the right-hand side RHS 
of (43) is 

RHS = ilfAl{ Ai?( ^ A2 + BAl) }- (166) 

It is easy to sec that in the curl brackets of expression (165) the highest degree 
of x 1 is 11 while in those of (166) the highest degree of x 1 is 14. This proves 
that the 2nd equation of (43) fails. Thus, by Theorem 7, part e), the web (149) 
cannot be expanded to a web W(A, 2, 2) of maximum 2-rank. As a result, this 
web belongs to the class G4. 



Example 17 Consider the web defined by 

u\ = x'+y' + \{x'fy\ ul=x 2 +y* + \{ X *)V (167) 
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in a domain of R 4 where Ai = (1 + x 1 y 2 )(l + x 2 y x ) ^ and A 2 = 

(xV) 2 ] ^ 0, i.e., x 1 y 2 + -1, x 2 y 1 + -1, x x x 2 ^ ±2. 
In this case using (48)-(51) and (32)-(37), we find that 

f3x 1 {x 2 ) 2 2 aix^x 2 



11 OA A ' L 22 



r} 



2AxA 2 ' 

Z^ 1 



2A!A 2 ' 



12 ~ A!A 2 ' 

r 2 * == o, 



i 21 

r?« = o, 



AiA 2 



(168) 



l _ 



^(x 2 ) 2 



' 2AiA 2 -i 
a(x ) 2 x 2 



(co^ 1 ) 



UJ 2 = 



[3X 1 2 

a7a^2 ' 

ax 2 -i 



(w 2 +a; 2 ) - 
2AiA 2 i 2 7 AiA 2 2 



U)l = — 



co 2 = - 



Px 1 



-u 



AiA 2 i 

ax 2 

AiA 2 i 



(169) 



Oi 



AiA 2 



a 2 



/3a; 1 
AiA 2 



(170) 



Pn = o, 

Pl2 
P21 



(x^ 2 ) 2 



+ 



A 2 /3 3 2A 2 /3 2 AiA 2 ' 
I (x*x 2 ) 2 



+ ■ 



A 2 a 3 2A 2 a 2 
P22 = 0, 



+ 



1 2 

x x 
A^A? 



9ii = - 



912 = 



921 = 



922 



A(x 2 ) 2 

2AxA 2 /3' 
ffx^ 2 

2A!A 2 /3' 

2AiA 2 a' 
^(x 1 ) 2 
2A!A 2 a' 



(171) 



1/1 1 ' 



( x*x 2 ) 2 
4A 2 



9 = 



/3 2 



(172) 



'in 



&ll2 



h 1 

u 212 



h 2 
°222 



b 2 

u 122 



h 2 
u 221 



(x 2 ) 2 r A a(xV) 2 
A2 H 



2a 3 A 2 
1 



4a 3 A 2 

4aA 2 
(a: 1 ) 2 



8/3 3 A 2 



2/3A 1 A 2 
4/3 3 A 2 



-2A 2 + a(A 2 ) 2 
aa; 1 a; 2 (l + x 2 ) + 2/3(2 + (x 2 ) 2 ) 
4A 2 +/3(x 1 x 2 ) 2 
2ax 1 x 2 + /3(1 - x 2 ) 
4A 2 +/3(x 1 x 2 ) 2 



&121 



^22 



*?21 



u 212 



4AxA 2: 



' 8aAiA 2 

6221 - 0, 
A(x 2 ) 2 



4a -^(x 2 ) 3 



2/3AiA 2 ' 
x 1 ^ 2 ) 2 
: 2AiA 2 ' 

K12 = 0, 



(173) 
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where 



a = 1 + x 1 y 2 , 
A = 2a + /3x 1 a; 2 , 



(3 = 1 + x 2 y 1 , 
B = 20 + ax 1 x 2 . 



It follows from equations (170) and (171) that conditions (8) do not hold. 
In fact, by (171), the hrst and the third terms of the left-hand side of the first 
equation of (8) vanish. Up to a common factor, the middle term of the first 
equation of (8) is 



2a/3A 2 (a 3 + /3 3 ) + (x 1 ) 2 \x 2 ) 2 'a 2 2 \a 2 + 2 ) + 2x 1 x 2 (l 



(x 1 ) 2 ^ 2 )' 



)■ 



The degree of the 2nd term of this expression (with respect to x % and yi) is 16, 
and it is higher than the degrees 14 and 6 of two other terms. This term is 

(x 1 ) 2 (x 2 ) 2 (l + x x y 2 f(\ + x 2 y l f(2 + {x l f(y 2 ) 2 + (x 2 y 1 ) 2 + 2x l y 2 + 2x 2 y l ). 

The highest degree terms of the last expression are 

(*Y(*W)V)W)V) 2 + (*V) 2 ) 

do not vanish and have no similar terms with two other terms of the left-hand 
side of the first equation of (8). Thus the web (167) belongs to the class B. 

Equations (171) prove that the web (167) belongs to the class Ei 3 . 

It follows from (36) that 



dp = p{uj\ +oj 2 ) +Pi^ 1 



2 2 



dq = q(uj\ + u\) 



li 



1^ 

2 2 



where u\ and u 2 are defined by (169). On the other hand, we can find dp and dq 
by differentiating their expressions (172). Comparing the results, we find that 



l 



12 
1 



2 

92 
2 

Pi 
V. 2 



x 1 {x 2 ) 2 {A + {x 1 x 2 ) 2 ) 



(---) 

\0 2 a 2 ) 



(x 1 x 2 ) 2 y 2 



+ 



Aa A 3 \(3 2 a 2 J a 4 A 2 : 

{x l ) 2 x 2 (A+{x l x 2 ) 2 ) ( 1 1\ {x x x 2 fy x 



4/3A 3 
(x 1 ) 2 ^ 2 ) 3 r 3xV 



AaA{ 

(x 1 ) 3 ^) 2 



l/x 1 x 2 2 



■(-"- 

\0 2 a 2 



/? 4 A 2 



'x 1 y 1 (a 2 + /3 2 )+2A 1 



, Pi = Qi 
i i 

P2 = ( h- 
l l 



3y 2 



2a 5 A 2 ' 

iy 1 



4/3A 2 A 3 

q 1 -2K- (x 2 ) 2 L, P 2 =q 2 + (x 1 ) 2 K + 2L, 

2 2 2 



2/3 5 A 2 ' 



(174) 



where 



K 




L = 




4aA 2 



Consider the first of two equations (43). Substitute the values of p, q, a\, and 
Pi, Qi from (172), (170), and (174) into this equation, and collect all similar 
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terms. It turns out that the highest (53rd) degree term is — 48(x 1 x 2 ) 18 (7/ 1 ) 9 (y 2 ) 8 ^ 
0. Thus, the web (167) belongs to the class G 4 . 

Finally, we prove that the web (167) is not transversally geodesic. Suppose 
that it is transversally geodesic. By (173), the component fej 12 of the curvature 
tensor of the web (167) vanishes, b\ 12 = 0. Since this web is transversally 
geodesic, by (38), we have b\ 12 — gfeii- But as we noted earlier, fen = jb^ kll y 

By (173), we find that b\\ = ^(36i 11 +6f 2 i)- A straightforward calculation shows 
that fen is proportional to a polynomial in x % and y- 7 whose highest degree term 
is S{x 1 f{x 2 ) i y 2 (y 1 ) 2 with S ^ 0. Thus fen ^ 0, and consequently fe}i 2 ^ 0. 
This contradiction proves that the web (167) belongs to the class C. 



Example 18 Consider the web defined by the equations 



u\ = x 1 +y 1 + x 1 y 2 , uj = x 1 y 1 



2 2 

x y 



(175) 



in a domain of R 4 where Ai = y 2 (l + y 2 ) =t 0, and A 2 = x 2 - (x 1 ) 2 ^ 0, i.e., 
y 2 ^0,-1 and (x 1 ) 2 x 2 . 

In this case using (48)-(51) and (32)-(37), we find that 



r 1 

1 n 



r 2 

1 22 



1 2 

AiA 2 ' il2 

1 r 2 
1 ii 



y 2 A 2 



2 2 

x y 

"aIa? 

x 1 y 1 + x 2 y 2 
AiA 2 : 



r 2 

1 12 



r 2 

1 21 



x l y 2 + y 
AiA 2 ' 

x r 1 

y 2 A 2 ' 124 



(176) 



0, 



-i 1 



AiAa 



x 1 ^ 1 +UJ 1 ) - x 2 u? 



AiA 2 i ' 



u\ = 



AiA 2 



(x'y 1 + x 2 y 2 )(cu 1 + UJ 1 ) + x\l + y 2 W + (x'y 2 + y> 2 



AiA 2 



{x x y 2 + y 1 )^ 1 - (1 + y 2 ){uj 2 + u?) +x\l + y 2 )^ 



ai 



0,2 = 



x 2 y 2 



Pu = 
Qu = 

Pl2 = 
P21 = 

qi2 = 

921 = 



A 2 A 2 



A?A 2 



A 2 A 2 y 2 



AiA 2 ' - AiA 2 ' 

(xV + x 2 y 2 )(l - x 2 y 2 ) - x 1 y 2 (2x 1 - iy 1 ) + (y 1 ) 2 
(x^ 1 + x 2 y 2 )(l + x 2 + y 2 ) - (x!) 2 (l + y 2 



y 1 — x 1 x 2 y 2 



A 2 A 2 



A?A 2 _ 

x 1 x 2 y 2 



x 1 y 2 (x 2 y 2 + x 1 y 1 + x 1 - y 1 ) - x 2 y 1 y 2 \ , 

(x 1 + y x )y 2 + (1 + y 2 )(x l + y 1 - x x y 2 - x 1 x 2 y 2 ) 
1 



A?A 2 ' 



P22 



AiA 2 



922 



2 2 

x y 
AfAf' 



(177) 
(178) 



(179) 
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p 

q - 



2A?A 2 
1 



2A?A 2 



(x 1 - y 1 )^ + y 2 ) - x l (x 2 + y 1 )A 1 + x 2 y 1 y 2 

x 1 (l + y 2 -( 2 / 2 ) 2 (x 2 + l))+ ? /(l + 2 y 2 )\ 



(180) 



bin 



b\ 2 i 



b 2 n 2 



*?21 



bin 



h 2 

°122 



b 2 



212 



2A 2 A 2 



2A?A 2 
1 



2A 2 A 2 

x l (x 2 - 1) 



{x 1 y 1 +x 2 y 2 ){2y 2 + x\l + y 2 )) 
yVix 1 - 3x 2 - 2(z 1 ) 2 ) + 2x'x 2 y 2 (l y 2 ) (x 2 ) V 

2 2/ 11, 22 ol2\, 12/2 r>ll\ 

x y (x y + x y - 3x y ) + x y (y - 2x y ) 



x^f-x^A, l-y 2 
2A 1 A 2 ' 211 " 2A 2 A 2 ' ° 222 (y 2 ) 2 A 2 ' 



h 1 - h 1 

°122 — °212 



1 



2AiA 2 



, ^2 



'22- — ''22 i = "• 



2A 2 A 2 
1 

2AiA 2 y2 



2A 2 A 2 



2AiA 2 y2 



re 1 ?/ 2 (2a;V - 2x x - x 2 - y 2 - 1 + .tV - 3a; V) 
+y 1 y 2 (x 2 - 4a; 1 ) - (x 1 ) 2 y 1 + x 2 y 2 (x 2 y 2 - y 2 - 1) 
'x 1 (2y 1 - 2x\l + y 2 ) - y 2 ) + x 2 (x 2 + y 2 (3 - a; 1 )) 

x 1 y 2 (y 2 (y 1 -x 1 -2)-x 2 y 1 -2) 
+x 2 (y 2 (a; 2 + y 2 - y 1 ) - (y 2 ) 2 + x 2 - y 1 ) 
x 1 (2-y 1 -x x y 2 - x 2 y 2 ) - y 1 (1 + y 2 ) 



2A 2 A 



y 2 (x 1 {x 2 {l + y 2 )-l + y 2 ) + 2y l ) 



(181) 



Since b\ xl ^ (see (181)), it follows that the web (175) is nontransversally 
geodesic. So, it belongs to the class C. 
It follows from (180) that 



1 



p-q 



2A\A\ 



x 2 y l y 2 - x 1 y 2 {l + y 2 ){x 2 +y 1 )+x 1 (y 2 ) 2 {l + x 2 ) - y\Zy 2 + 2) 



i.e., p ^ q, and the inequalities (42) are satisfied. 
It follows from (36) that 

dp = p{u)\ +uj 2 )+ PaJ + p.uf, dq = q{u)\ + u%) + q^ 1 + q^\ 
where ui\ and u 2 are defined by (177). On the other hand, we can find dp and dq 
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by differentiating their expressions (180). Comparing the results, we find that 



1 - (x 2 + y 1 )y 2 + x x y x 



Pi 
1 



P2 
1 

01 
1 



12 
1 



Pi 
2 

P2 

2 

9i 

2 



Ai " . KV + SxV) 



y 1 -^(l + y 2 ) 



2A 2 A 2 



+ 



AiA 2 



2A 2 A 2 



3p 
y 2 A 2 



2A 2 A| 



xH-x 1 + y 1 + xHx 2 + 2/ 1 )(2t/ 2 + 1) - zV + y 2 + 1)) 



x 2 (xV + y 2 + 1) 



+ 



3px 1 (l + 2y 2 ) 



2A 2 A3 



2A?A 2 

1 2 

x y 



AiA 2 ' 

5^2 - (x 2 + y 1 )(2y 2 + 1) + x 1 A 1 + y 2 (l - x 2 ) 
p(3 + 5y 2 ) 



Va + ar 2 ) 



AiA 2 



3g 



+ 



3g(y 1 + 2x 1 y 2 ) 
AiA 2 



+ 



2A 2 A 2 Ai' 
^3 [(x 1 ) W(x 2 + 1) - 1) + x 2 (l + 2y 2 ) 2x 1 y 1 
Zqx 1 {l + 2y 2 ) 



AiA 2 



f 2 ~ 2A 2 A| 



c 1 {l-2y 2 (x 2 + l)-2y 2 -l)+2y 1 



+ 



2g[l + y 2 (3-x 2 )] 



AiA 2 



(182) 



If we substitute the values of ai from (178), p, q from (180), and Pi, Q\, a = 

a a 

1, 2, from (182) into the first equation (43), multiply the result by the common 
denominator, and collect similar terms, we will see that there is the term with 
12(x 1 ) 4 ^ 0. Thus the web (175) belongs to the class G 4 . 

It is easy to prove by means of equations (178) and (179) that conditions (8) 
do not hold. In fact, if we substitute the values of ai from (178) and pij from 
(179) into the first equation of (8), we can observe that there is a term (x 2 y 2 ) 4 
which do not have similar terms. Thus the web (175) belongs to the class B. 

We will present the results of this section in the following table in which we 
indicate to which classes the webs of our 18 examples belong. 
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Example/Class 


A 


B 


C 


D 


E 


F 


G 


1 




B 


C 




En 


F 




2 


A 2 i n A 22 




C 




E 22 




Gi 


3 




B 


C 




Ei 2 




Gi 


4 


A 2 i n A 22 




C 




E 22 




G 2 


5 


A 3 i n A 32 




C 




E 3 i 




G 3 


6 


A 2 i n A 22 




C 




E 23 




G 3 


7 


A 3 i n A 32 




C 




E 32 




G 3 


8 






? 


? 






G 3 


9 


A 2 i 




? 


? 


E 23 




G 3 


10 




B 


c 




Ei 3 i 




G 3 


11 




B 


c 




Em 




G 3 


12 


Aiai n Ai 32 




c 








G 3 


13 


A 3 i n A 32 




c 




E 32 




G 3 


14 


A 3 i n A 32 




c 




E 32 i 




G 3 


15 


A 3 i n A 32 




c 




E 32 




G 3 


16 


A 3 i 




c 




E 3 




G 4 


17 




B 


c 




Ei 3 




G 4 


18 




B 


c 








G 4 



Thus the examples considered in this section prove the existence of all webs 
indicated in this table. Moreover, this proves the existence of more general webs 
than those indicated in the table. For example, the existence of Ai 3 i proves 
the existence of A 13 and Ai. 

Remark 15 We can see from the above table that the 3-webs of Examples 7 
and 13 belong to the same classes. In order to show that they are not equivalent, 
we compare the vanishing components of their curvature tensor. In Example 7, 
they are 

bjki = b lkl = &2ii = 0. 

In Example 13, they are 

b%i = b\ u = b\ u = 0. 

Thus the 3-webs in these two examples are not equivalent. 

We also can see from the above table that the 3-webs of Examples 13 and 
15 belong to the same classes. It follows from (141) and (155) that they have 
the same vanishing components of their curvature tensors. So, some additional 
investigation is needed in order to determine whether the 3-webs of Examples 
13 and 15 are equivalent. 

Remark 16 In the table above for the webs of Examples 8 and 9, we put the 
question marks in the columns C and D since for certain values of the coefficients 
Cj k the polynomial webs of these examples belong to the class C, and for other 
values of these coefficients, they belong to the class D. 
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One can also see from the table above that in our examples there is no 
3- webs that are transversally geodesic (Class D). This gives a rise to the fol- 
lowing problem: Construct an example of a nonisoclinic transversally geodesic 
nonhexagonal {or hexagonal) 3-web. 
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